Abstract. We present a new simple proof that if a relatively weakly compact subset of L 1 satis es the Bocce criterion (an oscillation condition), then it is relatively norm compact. The converse of this fact is easy to verify. A direct consequence is that, for a bounded linear operator T from L 1 into a Banach space X, T is Dunford-Pettis if and only if the subset T (B(X )) of L 1 satis es the Bocce criterion.
A relatively weakly compact subset of L 1 is relatively norm compact if and only if it satis es the Bocce criterion (an oscillation condition) G1] . We shall present a new simple proof that if a relatively weakly compact subset of L 1 satis es the Bocce criterion, then it is relatively norm compact. The converse is easy to verify.
Recall that a Banach space X has the complete continuity property (CCP) if each bounded linear operators from L 1 into X is Dunford-Pettis (i.e. maps weakly convergent sequences onto norm convergent sequences). The CCP is a weakening of the Radon-Nikod ym property and of strong regularity. Since a bounded linear operator T from L 1 into X is Dunford-Pettis if and only if the subset T (B(X )) of L 1 is relatively norm compact, the above fact gives that T is Dunford-Pettis if and only if T (B(X )) satis es the Bocce criterion. This oscillation characterization of Dunford-Pettis operators leads to dentability and tree characterizations of the CCP G2]. Namely, X has the CCP if and only if all bounded subsets of X are weak-norm-one dentable. Also, X has the CCP if and only if no bounded separated -trees grow in X, or equivalently, no bounded -Rademacher trees grow in X. Theorem. If a relatively weakly compact subset of L 1 satis es the Bocce criterion, then it is relatively L 1 -norm compact.
We need the following lemma which we shall verify after the proof of the Theorem.
Lemma. If a subset of L 1 satis es the Bocce criterion, then the translate of that set by a L 1 -function also satis es the Bocce criterion.
Proof of the Theorem. Assume that the relatively weakly compact subset K of L 1 is not relatively norm compact. We shall show that K does not satisfy the Bocce criterion.
Since K is not relatively norm compact but is relatively weakly compact, there is a sequence ff n g in a translateK of K satisfying (1) ff n g has no L 1 -convergent subsequence (2) ff n g converges weakly in L 1 to 0 (3) f j f n j g converges weakly in L 1 , say to f Approximate f B 0 in L 1 -norm within 4 by a simple functionf. Find C B 0 with C 2 + such thatf is constant on C. Since K satis es the Bocce criterion, we can nd a nite collection F of subsets corresponding to 2 and C.
Fix g + f 2 K + f. Find A 2 F such that Bocce-osc g A < 2 : Note that sincẽ f is constant on A, Bocce-osc g A = Bocce-osc (g +f) A : Now,
